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ON THE ZEROS OF POWER SERIES WITH
HADAMARD GAPS-DISTRIBUTION IN SECTORS(1)

BY

I-LOK CHANG

ABSTRACT. We give a sufficient condition for a power series with
Hadamard gaps to assume every complex value infinitely often in every
sector of the unit disk.

I. Introduction. Let

(1) fz)=cy+ > ckzn’e
k=1
be a power series convergent in |z| < 1, with Hadamard gaps, n, ,,/n, > ¢ > 1,
k> 1. Given a complex number ¢, we are interested in the distribution of the
zeros of f(z) - c. We shall discuss the problem in term of the zeros of f,
replacing the constant term ¢ of (1) by ¢, - c if necessary.
It has been shown that

=00

(i) [ has infinitely many zeros in the unit disk if 277 |c,| = = and
9> q,, where g, is about 100 (s

(ii) f has infinitely many zeros in any sector 0, < arg z <0,, |z| <1, if
lim sup,  le,| >0 [2].

It remains undetermined whether [ has zeros in the unit disk, or perhaps in any
sector, if Ei:‘(’; lcpl =0, lim, ¢, =0,and 1 <g<g,. We prove

Theorem 1. Let f(z) = co + 2,‘::1 ckznle be a power series convergent in
|z] <1, with

(1) mpyy/ny>g>1 (k2 1),
(ii) lim,__c, =0,
(i) 2P, lck|2+‘ = oo for some positive e

Then [ has infinitely many zeros in any sector 6, <arg z <6, |z| <1.

II. A formula. Basic to the proof of Theorem 1 is a formula for functions
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meromorphic in sectors. The basic idea of this formula goes back to V. P.
Petrenko [3]. The following lemma can be found in [2].

Lemma 1. Suppose [(z) is meromorphic in the sector |arg z| < m/v (v > 1),
|z| <R. Let z=1(0<t<R) be aregular point of [ on the real axis, where
f(t) #0. For z £, R?/t, define

a(z) = a(R, z, 1) = log |(R? - t2)/R(z - )|

and

AR, z, t) = a(z) - al- |z]).

If we write

1,(R, t,v) =]:{f_7/7jy log |/(ref0)|de}§l(n, rt, Vdr,

1R, t, v) =ff{7;v log |/ (Re*O|& (R, 6, 1, v)db,

where
2 v-1l,y(p2v 2v 2v 2v
ver tY(R?Y — ¢*Y)R*Y = 1Y)
GRere 6o V) = o TR
v,V V_ v 0)
(R,0,t,v)=z RYtY(R t“)1 + cos v
52 7 (RY + tY)R?Y 4+ 1%V — 2R"tY cos 1)
then
log [f()] =1, (R, £, v) + (R, t,v) + 3 AR, t7, bY)
@) bi
- ZA(RV, tY, a;’)
a;

where the summation is taken over the zeros {a} and the poles {b} of [ which

lie in the interior of the sector.

Without loss of generality, we may assume that f(0) = 1 (consider
/(z)/cpz” if necessary). Suppose now that { has no zero in some sector, which
we may assume to be the sector |arg z| < 7/v, |z| <1, where v > 1. We shall

show that this leads to the conclusion

3) li;n sup (R, 2v) + 1,(R, 2v )] =

whereas (2) now reduces to the contradictory result
I, (R, 2vy) + 1,(R, 2v() = log |/(r)].

In the next section, we derive estimates which will be used to establish (3)
in $1V.
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III. Lower bounds for |f(z)|. Transform the domain of { to the right half-

w

plane with the change of variable z = e™%, and write (1) as

—npw

(4) Fw)=fle ™) =cy+ 3> cpe
k=1

Lemma 2. There exist a subsequence {ck(i)} of the coefficients {c,} of (4)
and positive constants U (q), uy(q), p(q) such that the derivatives of F satisfy
F®Aw) = (- "k(i))pck(i)e_nk(i)w + R (),

—np(;)Re(w)
R )| <% leplng e H

whenever p > p (q), and Re (w) is in the range
uo(q)/nk(l.) < Re(w) < Uo(q)/nk(i).

Proof. Consider the sequence {dk}, where
do =xnaxf|col,|Cl|,|C2|,°°-L
dkzmax1%dk-l’|Ck|"ck+l|’.“} (k_>_1),

one verifies readily that
(@) d, >0 for all k,
(b) 1/2<d,4,/d, <1, and also
(¢) d, > |c,|, with equality occuring infinitely often.
If in (c), equality occured finitely often, then 4., = %4d, for k > k,. In this

case
0o o0 =] 1\
Y )< X d,-d Z(~) <o,

contradicting the assumptions that Zi:;" Ickl”‘E = and lim,_ _ c, =0.
Let {Ck(i)} be the subsequence of {ck! satisfying dk(i) = |Ck(i)|’ i=1,2,...
Differentiating F(w)p times, (4) becomes

F®Xw) = > 8kak(w)
k=1
where Bk =(-1)? Ck/dk’ and ak(w) = ("le)pdk exp (- ”kW)‘ We can find, for each
k (i), and for sufficiently large p, a set of w such that
(5) |ak+1(w)l/|ak(w)| >5 for k < k(i),
6) (w)|/|ak(w)| <1/5  for k> k().

lak+1
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For, (5) holds if
Re(nk+lw) <(p log t, - log 10)/(1 - 1/1,)

where t, =n,,,/n, > gq. For sufficiently large p,
(&) = (p log t - log 10)/(1 - 1/1)
is a positive increasing function of ¢ in t > g. Therefore, (5) holds if p > p,
and if
Re(w) < (1/”k(i))(P log g — log 10)/(1 - 1/g).

Similarly (6) holds, if
Re(n,w) > (p log ¢, + log 5)/(t, - 1).
The right-hand side of this inequality is bounded above by (p log ¢ + log 5)/(g — 1), so
that (6) holds if
Re ) > (1/n, ) (p log g + log 5)/(g - 1).
We note that if u = (p log g + log 5)/(g = 1), and U = (p log g — log 10)/(1 - 1/4g),

then for large p, U/u = q(1 + O(1/p)) > ¢ > 1. Thus (5) and (6) hold simultane-
ously, if p > p,, and Re(w) satisfies

) u/nk(i)<Re(w) <U/"k(i)‘

If w is in the range of (7), we have then
(p) —
F®)yw) = 8y (i) + > ,a,w)
kxk(i)
= Sk(i)“k(i)(u’) + Ri(w)

where |5,,.,| = 1, and

k(i)
|R,~(W)|S h> |ak(i)(w)|(5)k_’°(i)+ > |ak(i)(w)|(5)k(i)"'e
lsk<k(i) k>k(i)

< 2|ak(i)(“’)| Zl (5)~7 = l_“_k_%)_('_ﬂl.
1=

Lemma 3. Let F(w) be holomorphic in |w - wy| < R. If for some p,
|F®)(w)| >m>0 and SUP|y _wol< R |F®) w)| = M, then the image of |w - wl
<R under F covers the disk

{z: |z - Fw)| < KpR"mP‘*lM_p}

where Kp is a positive constant depending on p only [1].
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We infer from Lemma 2 and Lemma 3 the following

Lemma 4. If the function [ of Theorem 1 has no zero in the sector |arg z| <
n/vy, |z| <1, then there exist positive constants U,, uy, and L, depending on g
only, such that |f(z)| > L lck(i)' in

S exp(- U /ng ) <zl < exp(- Uy /)
larg z| < /v (v =2vw).

Here {k(i)} is the sequence defined by lepinl = dyiiy

We next estimate the size of the set of points where

I/(Z)|§%<|COIZ + kzzl lcklzlzlznk>$'%

is bounded away from zero. The following result is due to R. Salem and A.

Zygmund. The basic idea of the proof can be found in [4]. Define

‘/\(,).;3_1.('60'2 + Z Icklernk>$/7.
2 k=1

Lemma 5. If [ satisfies the conditions of Theorem 1, then, in any measurable

subset E C [0, 27), the linear measure
moeE | |[(re’) AT <yl
/ 2wy —r2/2 —y2/2

tends to (m(E),Zn)fO [y re dr=m(EX1 -¢ )as r—1.

Lemma 6. For any measurable subset E C [0, 2n), and any positive & < 1,
there is o such that whenever r > Tor
8) mi0 € E| [fre'®)]A=10) > 88 > m(E)A - 8).

Proof. By Lemma 5, for r< 1,

mi0 € E| l/(reie)l/\'l(r) <yl=m(E)-{0cE| |/(rei9)|A'l(r) >yl
— m(E)e=%? (r—1.

Set y =8. Since exp(-8%2)>1-8%/2>1-5,(8)is proved.

IV. Lower bounds for I,(R) + I,(R). In the following derivations, we shall
use letters K, K,, Kj,--. for positive constants which depend on /, ¢ and v,
but not on R.

With the notations of Lemma 1,

1R, 2,0) > ﬁ/r ;; log*|/(Re™®)|£,d0 -_[_”; 7, log"11//(Re ™) (€, 6.
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In the first integral of the right-hand side f > K, for all R sufficiently
close to 1. Choose & in the interval 0 <8 <1/2, By Lemma 6, if R €5,
(i >i,), log *If] > log A(R) + log 0 in a subset of measure > 7/2v of (— n/2v w/2v).

In the second integral 0 < fz <K,. By Lemma 6, log ll//(Re )] =0 out-
side a set of 0 of measure < K38. In this set, by Lemma 4, log+!l//(Rei9)l <
- log (Ljc, 4D.

Therefore, for all large 7 and R € Si,
o I, > K, log AR) + K, log 8+ K58 logle, ;| - K

> K, log A(R) + K, log 8 + K38 log |c, ;|-

Next we find a lower bound for 1,(R, t, v). From Lemma 1,

1= 2n [ 6@ ML [ rogl e ) aohar

and we see that fl satisfies 0 < fl < Kg(R — 7). By the first fundamental

theorem of Nevanlinna,

L7 tog 11/ 40 < TG, =, .

By the inequality of the arithmetic and geometric mean
m(r, ) < Ko log Alr) <K log A(R) G <R).

Therefore, if 0 <s <R,
1> zn_[; 51{517-7 f’:/ﬂ‘;y log l/(ref9)|de}dr
(10) 2 j { S”/” log |1//(re"9)|d0} dr

>D(s) - K, SR(R ~ NAR)dr > D(s) - K| (R - s)*A(R).
S
By choosing s sufficiently close to 1, we can make
K, - K, (R=35)2>K; - K (1-5)?>}K,
Combining (9) and (10)
1,+1,>D(sg) + %K, log ARR) + Ks8 logle, )| + Ky log & (sg <R).

Since R €S, A(R)>K,, 2:-(__%) |Ck|2, and thus

k(i)
3 2
II(R)+12(R)ZK13 log(lck(l.)| Z |ck| > + log 3}

k:o

To show that
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(11) lim sup[ll(R)+12(R)]=oo
R-‘l

it is therefore enough to show that for some 9§,

k(1)
(12) lim sup |Ck(i)ls(z !cklz = oo,

i 00

We prove first that if 0 <8 < ¢/2 where ¢ is the exponent of condition (iii) of
Theorem 1, then

p

. )

W(8) = lim sup !cpl > Ick|2
p— k=

is infinite.

Suppose W(d) < oo, then for some K >0, and all c, with |cp| <1,

4 2
13) el 776516, 77 < Kle 2 T )

Summing (13) over p,

o0 ~o . p 2
T le, | <k T |cp|2/ 5 Ie, 2
p=p0 P:O Ie=0

The left-hand side of the inequality is infinite by assumption. The right-hand
side is finite by a well-known theorem on divergent series, stating that if @ >0,

and 27~Fa = o, then for any positive p,

> P 14+p
3 / T a,)
p=0 n=0

W (8) must therefore be infinite.
Let § = |cp|8(2’,::g lck|2). We now prove (12) by showing that for at least one

of the members of the sequence {k (i)} which are closest to p,

k(i)
lerol | Z 1exl?) > 5
k=0
The case p € {k()} is trivial. Suppose that K < p, and K'> p are the two mem-
ber of tk (i)} which are closest to p. If, for some k in K<k <p, d, =|c||
(I > k), then [ € {k (i)}, and by the definition of K and K', we must have / = K’
and |cp| <leg:ls so that
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K' p
5 s
lc gl > ‘cklz > |cp| > Ick|2 =S.
k=0 k=0

The only other possibility is that d, = Vod, _ (K <k <p) and so |c,| < 2—k+KdK
_ 2—k+K|c la

14

K
Z ‘Cklz < Z |Ck‘2 + |CKIZ(% + (1/4)2 + ...),
k=0

k=0

) le 2> 3 le 1— 1__|_C_K|____ 23 > le|2
k=0
<1

if p is so large that |c,| |::k|2 > 1. We have now

5[ « 2 8 & 2
2 2
ICK| Z Ickl _>.'§ Icpl Z |Ck‘ -3
k=0 p:O
This proves (11) and complétes the proof of Theorem 1.
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